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Abstract: The elaborated paper presents a series of methodologies with which the dynamic
characteristics (damping coefficient, damping factor) can be determined, depending on the working
conditions, of a hyperelastic material using vibration theory. These methodologies can be extended to
characterize any type of hyperelastic material. The main aim of this work is to develop experimental
technology and methodology to characterize this type of materials like rubber to establish a series of
dynamic factors like damping factor, transmissibility at resonance, pulsation at resonance, dynamic
elastic constant. These characteristics are variable, depending on composition, request, etc. In
conclusion, they are not available in specialized literature as are the characteristics of linear-elastic
materials. The application of numerical calculation programs in carrying out resistance calculations,
in the case of structures made of such materials, is also impossible to achieve, having as an impediment
the lack of knowledge of the values of the material characteristics.
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1. Introduction

The study regarding hyperelastic materials and their characteristics determination are of great
importance as shown also in specialty literature, demonstrated by the increase of published works
starting from 1990 to present [1]. Hyperelastic materials, referred also as green elastic materials, are
defined by their deformation energy relations [2].

The foundation of this research was made by studying the work of Boyce and Arruda, in which
statistical and continuum mechanics models of incompressible rubber elasticity are compared to
experimental data [3]. Boyce and Arruda compared five models, based on the experimental work of
Treloar, for three types of deformation: uniaxial, biaxial, pure shear [4].

Marckmann and Verron had an extensive study comparing twenty hyperelastic models for rubber-
like materials, in which all elastomers that were used are assumed iso-tropic and incompressible and
viscoelasticity, stress-softening, damage were not taken into account [5]. This study aimed to classify
the elastomers as per their ability to fit ex-perimental data and to improve the formulas used for finite
element simulations.

In order to dynamically model the assemblies containing elements made of hypere-lastic materials
(car pivot, couplings, insulation elements and others), material characteristics are required that must be
determined experimentally [6]. There are four hyperelastic models that are frequently used when
characterizing these materials: Neo Hookean, Mooney-Rivlin, Ogden and Yeoh [7-9].

The dynamic characteristics of hyperelastic materials are a priority when designing parts containing
these kinds of materials, mostly from the transmissibility point of view [10]. Melly. et al presented a
review of fifteen hyperelastic models that were very useful in understanding the complex mechanical
properties of the studied materials and in de-signing complex engineering assemblies [11]. Somarathna.
et al deepened a study about a viscoelastic model, under varying strain rate conditions, which combines
one set of hy-perelastic model parameters with viscoelastic model parameters [12]. The proposed model
resulted in accuracy for predicting the material behavior.
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Wang et al used the Dynamic Mechanical Analysis characteristics and experiments to study the
influence of damping materials on structural vibration, in diverse working conditions [13]. The research
aims to define a base for manufacturing intelligent damping materials.

Using vibration theory, the paper establishes and uses a methodology, developed by the authors, for
determining dynamic characteristics, applied to the study of two types of hyperelastic materials different
by the percentage of natural rubber quantity. Both materials are obtained by vulcanization process.

In order to determine the dynamic characteristics and verify their variation depending on the
composition of the hyperelastic material, the behavior of two types of materials with different
compositions, coded C40 and respectively C80, was studied.

2. Materials and methods
2.1. Determination of the complex elastic constant of rubber

The study was conducted analyzing two hyperelastic materials (rubber) with different chemical
composition, namely:

» Material I — code C40 — mixture of 40% natural rubber and 60% recycled rubber (re-generated
rubber).

* Material II — code C80 — mixture of 80% natural rubber and 20% active white filler (silica).

Analyzing a system like the one in Figure 1, it must be equated with derived systems, which, using
classical dynamic analysis methods, can be characterized according to the intended use of the product.

- lxz(t)

l WX 10,

Basic model Equivalent model
Figure 1. Experimental model

In Figure 1, the rubber is modeled by the spring with dynamic elastic constant, k, and by the damper,
with hysteretic damping coefficient, h, connected in parallel with the spring.

The rubber is fixed by bonding between an upper rigid mass and the base board, which has a
harmonic translational motion x; (t). Analyzing the dynamic response of the upper mass x,(t), there
can be established the relations for the calculation of the rubber dynamic characteristics, which presents
both elastic and dissipative characteristics [14].

If the damping force is proportional to the relative displacement of the ends of the damper (rubber)
and in phase with the velocity, and the energy dissipated per vibration cycle does not depend on the
frequency, the complex elastic constant of the rubber has the expression [15]:

k* =k+ih=k(1+ig) (1)

where g = h/k is the hysteretic damping factor of the rubber.
The motion equation of mass m is:
mx+k*(x; —x;) =0 (2)
If the harmonic displacement is:
x1(t) = X, et ®)
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then mass m will have, in stationary mode, a harmonic displacement as:
%, (1) = Xze™" = Xyel@t=9) @)

where x; and x, are the amplitudes of the two displacements, and ¢ represents the phase difference
between them.

By substituting relations (4) and (3) into equation (2), it is obtained the complex transmissibility of
motion:

X5 K* 1+ig
T* = 22 = = 5
X;  k*-mow? 1—(%)2+ig ®)

p=\/é (6)

The terms in relation (1), which express the complex elastic constant of rubber, can be determined
by various methods.

where:

2.1.1. Transmissivity method (maximum amplitude method)

The method involves measuring the amplitudes x; and x, (Figure 1 and relations (3) and (4)) and
calculating the transmissibility modulus as a ratio of the two amplitudes, at different values of the
excitation pulse, w [16].

T=|T"=2%= |—— (7
The maximum value of transmissibility Tmax corresponds to resonance, when « = p.
Knowing this pulsation, p, is calculated the dynamic elastic constant:
k = mp? (8)

The ordinate points %Tmax, also called half-power points, have abscissas:

(1)1,2 =p 1 i g (9)

The damping factor, g, is calculated with the following relations:

_ wi-wi _ wi-wi
9= w2+w? T 2p2 (10)
At resonance, when w=p,
1
Tmax = E 1+ gz (11)

for the calculation of g, it can also be used the following relation:

1

g =
A Tr%lax_l
The values of the damping factor, g, and the dynamic elastic constant, k, thus determined are used in
relation (1) to determine the complex elastic constant of the rubber, k* [17].

(12)
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2.1.2. Phase shift diagram method
The measuring stand used in the phase shift diagram method is shown in Figure 2.

Z

X ¥
®
Oscilloscope T

Figure 2. Measuring stand

It is considered that x and y are the signals obtained from the two accelerometers A1 and Ax. They are
of the form:
x = Asin wt
y = Asin(wt + @) (13)

if at each working frequency w, the amplification on the two measurement channels is adjusted, so that
the displacements of the spots on the oscilloscope screen are equal in the two directions.
By eliminating time from expressions (13), it is obtained the equation of the ellipse that appears on
the oscilloscope screen:
x?+y? —2xycosp = A%sin? ¢ (14)

P!
Figure 3. Scheme of oscilloscope spots

It is considered that a and b are the semi-axes of this ellipse (Figure 3). In point P, x =y = %
Inserting these values into equation (14), it results:

a2 = A%sin?o (15)
1—cos
InpointQ, x =y = %, substituting in equation (14), it results:
p2 — A?sin?g (16)
1+cosp
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Using relations (15) and (16), it is obtained:

b |[1-cosp __
a 14+cosp -

tg

¢
2

From relation (17), it can be concluded that the phase shift:

@ = 2arctg S

can be calculated by measuring the ellipse axes a and b in Figure 3.

17

(18)

By repeating the measurements for several frequencies, in the vicinity of the resonance, it is

represented a diagram as shown in Figure 4.

(p/\
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Figure 4. Diagram of phase shift as a function of frequency

From the complex transmissibility of the motion T* (relation (5)), the phase shift is obtained:

%

g
@ = arctg

1-—+g>
pz Y

The ordinate points of 45° and 135° have the pulsations as abscissas:

! n

w, 0" =p

This results in the damping factor:

_ (@) -0’
g - (w')2+(w")2

The ordinate point of 90° has the abscissa:

1+g2
1+g

w, = py/1+ g2

This results in the dynamic elastic constant:
k =mp? =

mws

T 1492

(19)

(20)

(21)

(22)

(23)

Following the calculation performed with relations (21) and (23), the complex elastic constant is

obtained with relation (1).
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2.1.3. Polar diagram method
The complex transmissibility can be written as:

T* =Ty + iT; (24)
The real and imaginary parts result:
2
1-—+g?
Tp = —25— (25)
(5]
and
(4)2
—g2
Ty = —&5— (26)
(1-52) +o?

Eliminating the pulsation w between the real part Tr and the imaginary part T; results a polar curve
(Niquist-type):
1\2 1\2 _ 1+g°
(re=3) +(1i-5;) =% 27)

This polar diagram represents the geometric locus of the extremity of the vector T* in the complex
plane (Figure 5) [16].

Tr

L J

)mincrease

Figure 5. Polar diagram of Niquist-type

Because the transmissibility is maximum at resonance, the point M, of maximum amplitude, defines
the pulsation p. The diameter BC, perpendicular to OM, defines the half-power points, of pulsations w,
and w,.

With the values of the ratio of the amplitudes of the accelerations equal to those of the ratio of the
amplitudes of the displacements (harmonic motion):

X,  w?X, X
B e n @9
and of the phase shift ¢, determined for different disturbing frequencies, the coordinate points Tr=Tcos¢
and Ti=Tsin¢ are plotted. A "best fit" circle is drawn through these points, resulting a polar diagram like
the one in Figure 5.

At point M, of maximum amplitude, the resonance frequency is determined. The diameter BC is
drawn perpendicular to OM and thus are determined the frequencies of the half-power points. Then k
and g are calculated, with relations (8) and (9), and the complex elastic constant, with relation (1).

Mater. Plast., 61 (2), 2024, 117-128 122 https://doi.org/10.37358/MP.24.2.5723


https://revmaterialeplastice.ro/

MATERIALE PLASTICE @ @
https://revmaterialeplastice.ro s
https://doi.org/10.37358/Mat.Plast.1964

2.2. Testing equipment
The experimental tests were carried out in a Vibration Laboratory using the following equipment, as
shown in Figure 6.

Electrodynamic

; — - Multianalysis system
vibrator 200 N)UL ™y g Uniaxial |} Signal PULSE-Bruel &
- varying the accelerometer amplifier Kjaer 3560-B

frequency

v

Figure 6. Testing equipment for vibration test

3. Results and discussions
3.1. Determination of transmissibility, T, for the studied hyperelastic materials

For to determine the frequency-transmissibility dependence, the system shown in Figure 7 was
created, as follows:

- the upper component of mass m=0.5 kg, to which is added the mass of the piezoelectric
accelerometer, approximately 0.1 kg;

- the elastic component — rubber (C40) — cylindrical shape, diameter ()=78mm and height h= 20
mm;

- the base board.

Figure 7. Transmissibility measurement chain as a function of frequency

The conduct of the experiment consisted in determining, in advance, the resonance frequency. To
determine the frequency-transmissibility dependence, the frequency was varied, around the resonance
value, and with the help of the multi-analysis system, the signal amplitudes in the OX and OY directions
were recorded [18-20].

During the experiment there were obtained the transmissibility values as a function of frequency,
values calculated as the ratio between the amplitudes measured in the two directions, for the two
analyzed materials [21, 22].

At resonance, Tmax=4.48 and the frequency is f,=693.24 Hz.

The pulsation at resonance, p, calculated with the relation p=2zfp, results:

p = 2m * 693.24 = 4355.755 rad/s

Knowing the maximum value of the transmissibility, the ordinate of the half-power points can be

easily determined:
T, 4.48
e = =3.1678
V2 2
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Knowing the ordinate of the half-power points and using the diagram in Figure 5, the frequencies
corresponding to these points can be determined, as follows:

fp, = 594.27 Hz respectively f,, = 789.57 Hz

The pulsations corresponding to the half-power points are determined using the relation w=2=f, and
results:
wy =21 * f,, = 21w+ 594.27 = 373391 rad/s

respectively,
w, = 21 * f,, = 21 x 789.57 = 4961.01 rad/s

The damping factor, g, for material C40 is calculated using the relation:

w?—w?  4961.01% — 3733.912
g=—"2—>—= ——— =0.281
2p 2 - 4355.755

The dynamic elastic constant of the analyzed material, k, calculated with relation (8), has the value:
k = mp? = 0.6 - 4355.7552 = 1.138- 107 N/m
At resonance Tmax=3.9265 and frequency f,=235.865 Hz. The pulsation at resonance, p, is:
p = 21 * 235.865 = 1481.98 rad/s
Knowing the maximum value of the transmissibility, the ordinate of the half-power points results:

Trmax _ 3.9265
V2 V2

Having determined the ordinate of the half-power points and using the diagram in Figure 5, the
frequencies corresponding to the half-power points are obtained:

= 2.776

fp, = 216.48 Hz respectively f,, = 256.13 Hz

Using the relation w=2xf, results in the pulsations corresponding to the half-power points, as follows:

wy =2 * f, = 2m*216.48 = 1360.18 rad/s

respectively,
wy =21 * f,, = 2m % 256.13 = 1609.31rad/s

The damping factor g for material C80 is:

_wi-of 1609312136018
9="p2 T 2-1481982

The dynamic elastic constant of the analyzed material C80, k, calculated with relation (8) has the

value:
k = mp? = 0.6-1481.98% = 0.13177 - 10’ N/m
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Using experimental data, Figure 8a and Figure 8c illustrate the variation of transmissibility as a
function of frequency, with the mention that the experimentally determined values, both for frequency
and for transmissibility, were recorded around the resonance [23, 24]. Using relation (19) and knowing
the experimentally determined frequency values around the resonance, the phase shift diagram, ¢, as a
function of frequency, is illustrated in Figure 8b, for C40 and in Figure 8d, respectively for C80 material.
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Figure 8. Experimental measurements of frequency-transmissibility: (a) Transmissibility - frequency
diagram for C40; (b) Phase shift - frequency diagram for C40; (c) Transmissibility - frequency
diagram for C80; (d) Phase shift - frequency diagram for C80

3.2. Determination of damping coefficient, c, for the analyzed materials
The damping coefficient is determined using the relation:

k
c=--g (29)
The critical damping coefficient, ccr, for the two studied materials, is determined with the relation:
Cep=2Vk-m=2-p-m (30)
Knowing the mass of the elastic element m=0.6 kg and the resonance pulsations for each investigated
material, the values of the critical damping coefficient ccr, [Ns/m] are as follows: 5226.9 for C40 and
1778.4 for C80.

Using the experimental records made for the two types of materials and relation (29), the values of
the damping coefficient as a function of frequency are determined.
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Noting the ratio c/ccr with € - relative damping, the variation of the damping coefficient as a function
of frequency can be represented (Figure 9), for the two materials [25-27].

Rubber C40 Rubber C80

0.1 0.12 0.14 0.16 0.18 0.2 0.22 0.06 0.07 0.08 0.09 0.1 0.11
§=c/ce &=clc,,
(@ (b)

Figure 9. Variation of relative damping ¢ as a function of frequency:
(a) C40 material; (b) C80 material

From the two graphs (Figure 9), it is concluded that the ratio c/ccr lies between values 0 and 1, and
the movement is in the form of an exponentially decreasing sinusoid [28-30].

4. Conclusions

In Figure 10, the results obtained through experimental determinations for pulsation at resonance,
transmissibility at resonance, dynamic elastic constant and damping factor in the case of the two
analyzed materials, are presented comparatively.

Pulsation at resonance, p, [rad/s] Transmissibility at resonance
4500 ¥ 46
4.4
3500 | | ) 4.2 !
2500 4}
500 3.6
c40 | c80 | ca0 c80
|- p 4355.756 | 1481.98 | = Tmax 4.48 3.9265
Dynamic elastic constant, k, Damping factor, g
[N/m] p
03
1.50E+07 ‘ 3
0.2 1
1.00E+07 |~ ’ 3
5.00E+06 F 3 ‘ e 7
/ 0 = -
0.00E+00 - 80 ca0 | Cc80
- kﬁ 1.14E+07 | 1.32E+06 ,- gr 0.281 0.168

Figure 10. Dynamic characteristics obtained experimentally for C40 and C80 materials

Comparing the results obtained for pulsation at resonance of the samples made from the investigated
materials, it is found that it decreases with the increase in the percentage of natural rubber in the
composition.

Starting from the definition of transmissibility T= Fou/ Fin, it results that systems with high values of
transmissibility are not effective in the case of foundations, because it is not desirable to transmit large
forces in the foundation. In the case of couplings, a material with high transmissivity is useful because,
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in their case, the damping capacity is of interest. In both cases, the stationary working regime must be

considered, respectively the position of the working frequency with respect to p+/2 (a value that delimits
the supra-unitary regime from the sub-unitary regime of transmissibility).

The dynamic elastic constant kg, calculated for the two investigated materials, is useful to perform a
dynamic analysis for a system that has an elastic element of the nature of the studied materials, namely,
a hyperelastic material.

From Figure 10, it is observed that the more elastic is the material, the lower is the dynamic constant,
compared to the first material (C40) which has a lower percentage of natural rubber in its composition.

The large difference between the values of the elastic constant for these materials is a characteristic
of hyperelastic materials in relation to elastic materials (for example steels), where the variation of the
chemical composition results in a much smaller variation of this constant.

By analyzing the graph, can be concluded that the damping factor, for a material with a high
percentage of natural rubber (>50%), is lower than in the case of a material with a low percentage of
natural rubber [31]. In other words, a rubber with a high percentage of natural rubber dissipates less
energy per unit of time, so it has lower damping properties, compared to one that has a lower amount of
natural rubber in its composition.
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